Abstract. This paper proves local-global principles for Galois cohomology groups over function fields F of curves that are defined over a complete discretely valued field. We show in particular that such principles hold for H n pF, Z{mZpn´1qq, for all n ą 1. This is motivated by work of Kato and others, where such principles were shown in related cases for n " 3. Using our results in combination with cohomological invariants, we obtain localglobal principles for torsors and related algebraic structures over F . Our arguments rely on ideas from patching as well as the Bloch-Kato conjecture.
Introduction
In this paper we present local-global principles for Galois cohomology, which may be viewed as higher-dimensional generalizations of classical local-global principles for the Brauer group. These results then lead to local-global principles for other algebraic structures as well, via cohomological invariants.
Recall that if F is a global field, the theorem of Albert-Brauer-Hasse-Noether says a central simple F -algebra is isomorphic to a matrix algebra if and only if this is true over each completion F v of F . Equivalently, the natural group homomorphism
is injective, where Ω F is the set of places of F . Kato suggested a higher dimensional generalization of this in [Kat86] , drawing on the observation that the above result provides a local-global principle for the m-torsion part of the Brauer group BrpF qrms " H 2 pF, Z{mZp1qq. (Here Z{mZpnq denotes µ bn m , for m not dividing charpF q.) He proposed that the natural domain for higher-dimensional versions of local-global principles should be H n pF, Z{mZpn´1qq, for n ą 1. Cohomological invariants (such as the Rost invariant) often take values in H n pF, Z{mZpn´1qq for some n ą 1; and thus such local-global principles for cohomology could be used to obtain local-global principles for other algebraic objects.
In Theorem 0.8(1) of [Kat86] , Kato proved such a principle with n " 3 for the function field F of a smooth proper surface X over a finite field, both with respect to the discrete valuations on F that arise from codimension one points on X, and alternatively with respect to the set of closed points of X (in the latter case using the fraction fields of the complete local rings at the points). He also proved a related result [Kat86, Theorem 0.8(3)] for arithmetic Date: August 30, 2012. The first author was supported in part by NSF grant DMS-0901164. The second author was supported by the German Excellence Initiative via RWTH Aachen University and by the German National Science Foundation (DFG). The third author was supported in part by NSF grant DMS-1007462. 1 surfaces, i.e. for curves over rings of integers of number fields. The corresponding assertions for n ą 3 are vacuous in his situation, for cohomological dimension reasons; and the analogs for n " 2 do not hold there (e.g. if the unramified Brauer group of the surface is non-trivial).
Unlike the classical case of dimension one, in dimension two it is also meaningful to consider local-global principles for fields that are not global, e.g. kppx, yqq or kpptqqpxq. In [COP02, Theorem 3.8], the authors start with an irreducible surface over a finite field of characteristic not dividing m; and they take the fraction field F of the henselization of the local ring at a closed point. In that situation, they prove a local-global principle for H 3 pF, Z{mZp2qq with respect to the discrete valuations on F . Also, while not explicitly said in [Kat86] , it is possible to use Theorem 5.2 of that paper to obtain a local-global principle for function fields F of curves over a non-archimedean local field, with respect to H 3 pF, Z{mZp2qq. This was relied on in [CPS08, Theorem 5 .4] and [Hu12] (cf. also [PS98, pp. 139 and 148]).
Results
In this manuscript, we show that when F is the function field of a curve over an arbitrary complete discretely valued field K, local-global principles hold for the cohomology groups H n pF, Z{mZpn´1qq for all n ą 1.
In particular we obtain the following local-global principle with respect to points on the closed fiber X of a model p X of F over the valuation ring of K (where k is the residue field):
Theorem (3.2.3). Let n ą 1 and let A be one of the following algebraic groups over F : (i) Z{mZpn´1q, where m is not divisible by the characteristic of k, or (ii) G m , if charpkq " 0 and K contains a primitive m-th root of unity for all m ě 1. Then the natural map H n pF, Aq Ñ ź P PX H n pF P , Aq is injective, where P ranges through all the points of the closed fiber X.
Here F P denotes the fraction field of the complete local ring of p X at P . We also obtain a local-global principle with respect to discrete valuations if K is equicharacteristic:
Theorem (3.3.6). Suppose that K is an equicharacteristic complete discretely valued field of characteristic not dividing m, and that p X is a regular projective T -curve with function field F . Let n ą 1. Then the natural map
is injective.
Here Ω p X is the set of discrete valuations on F that arise from codimension one points on p X. Also, in the above results and henceforth, the cohomology that is used is Galois cohomology, where H n pF, Aq " H n pGalpF q, ApF sepfor A a smooth commutative group scheme over F and n ě 0, with H 0 pF, Aq " ApF q. (For non-commutative group schemes, we similarly have H 0 and H 1 .)
These results also yield new local-global principles for torsors under linear algebraic groups by the use of cohomological invariants such as the Rost invariant ([GMS03, p. 129]), following a strategy used in [CPS08] and [Hu12] . We list some of these applications of our local-global principles in Section 4. Note that although we also obtained certain local-global principles for torsors for linear algebraic groups in [HHK11a] , the results presented here use a different set of hypotheses on the group. In particular, here we do not require that the group G be rational, unlike in [HHK11a] .
Methods
Our approach to obtaining these local-global principles uses the framework of patching over fields, as in [HH10] , [HHK09] , and [HHK11a] . The innovation is that these principles derive from long exact Mayer-Vietoris type sequences with respect to the "patches" that arise in this framework. These sequences are analogous to those in [HHK11a] for linear algebraic groups that were not necessarily commutative (but where only H 0 and H 1 were considered for that reason).
In Section 2, we derive Mayer-Vietoris sequences and local-global principles in an abstract context of a field together with a finite collection of overfields (Section 2.5). This allows us to isolate the combinatorial and cohomological properties of the fields and Galois modules which we need. The combinatorial data of the collection of fields we use is encoded in the notion of a Γ-field (Section 2.1), the group theoretic properties of our Galois modules we use we call "separable factorization" (Section 2.2), and the cohomological properties we require are formulated in the concept of global domination of Galois cohomology (Sections 2.3 and 2.4). An essential ingredient in our arguments is the Bloch-Kato conjecture.
In Section 3, we apply our results to the situation of a function field over a complete discretely valued field. In Section 3.1 we obtain a local-global principle with respect to "patches." This is used in Section 3.2 to obtain a local-global principle with respect to points on the closed fiber of a regular model. Finally, in Section 3.3, we obtain our local-global principle with respect to discrete valuations with the help of a result of Panin [Pan03] for local rings in the context of Bloch-Ogus theory. This step is related to ideas used in [Kat86] .
In Section 4, we combine our local-global principles with cohomological invariants taking values in H n pF, Z{mZpn´1qq, to obtain our applications to other algebraic structures.
linear algebraic groups that need not be commutative. Due to the lack of commutativity, the assertion there was just for H 0 and H 1 ; and that result was then used in [HHK11a] to obtain local-global principles for torsors in a more geometric context. In the present paper, we consider commutative linear algebraic groups, and so higher cohomology groups H n are defined. It is for these that we prove our long exact sequence, which we then use to obtain a local-global principle for Galois cohomology in the key case of H n pF, Z{mZpn´1qq with n ą 1. This is carried out in Section 2.5. (Note that the six-term cohomology sequence in [HHK11a, Theorem 2.4] is used in our arguments here, in the proofs of Theorems 2.1.5 and 2.2.5.)
Γ-Fields and patching
Our local-global principles will be obtained by an approach that formally emulates the notion of a cover of a topological space by a collection of open sets, in the special case that there are no nontrivial triple overlaps. In this case, one may ask to what extent one may derive global information from local information with respect to the sets in the open cover. We encode this setup combinatorically in the form of a graph whose vertices correspond to the connected open sets in the cover and whose edges correspond to the connected components of the overlaps (though we do not introduce an associated topological space or Grothendieck topology).
In our setting the global space will correspond to a field F whose arithmetic we would like to understand, and the open sets and overlaps correspond to field extensions of F . This setup is formalized in the definitions below, which draw on terminology in [HH10] and [HHK11a] .
Graphs and Γ-fields
By a graph Γ, we will always mean a finite multigraph, with a vertex set V and an edge set E; i.e. we will permit more than one edge to connect a pair of vertices. But we will not permit loops at a vertex: the two endpoints of an edge are required to be distinct vertices.
By an orientation on Γ we will mean a choice of labeling of the vertices of each edge e P E, with one chosen to be called the left vertex lpeq and the other the right vertex rpeq of e. This choice can depend on the edge (i.e. a vertex v can be the right vertex for one edge at v, and the left vertex for another edge at v).
Definition 2.1.1. Let Γ be a graph. A Γ-field F ‚ consists of the following data:
(1) For each v P V, a field F v , (2) For each e P E, a field F e , (3) An injection ι e v : F v Ñ F e whenever v is a vertex of the edge e. We will write F pVq " ś vPV F v and F pEq " ś ePE F e . Often we will regard ι e v as an inclusion, and not write it explicitly in the notation if the meaning is clear.
A Γ-field F ‚ can also be interpreted as an inverse system of fields. Namely, the index set of the inverse system is the disjoint union V \ E; and the maps consist of inclusions of fields ι e v : F v ãÑ F e as above.
Conversely, consider any finite inverse system of fields whose index set can be partitioned into two subsets V \ E, such that for each e P E there are exactly two elements in v, v 1 P V 4 having maps F v ãÑ F e and F v 1 ãÑ F e in the inverse system; and such that there are no other maps in the inverse system. Then such an inverse system of fields, called a factorization inverse system in [HHK11a, Section 2], gives rise to a graph Γ and a Γ-field F ‚ as above. Given a Γ-field F ‚ , we may consider the inverse limit F Γ of the fields in F ‚ , with respect to the associated inverse system, in the category of rings. Equivalently,
w a w for each e incident to v and wu . We may also regard F Γ as a subring of F pEq, by sending an element a ‚ " pa v q vPV to pa e q ePE , where a e " ι e v a v " ι e w a w if e is incident to v and w. Note that if F ‚ is a Γ-field, then we may regard each field F v , F e naturally as an F Γ -algebra in such a way that all the inclusions ι e v are F Γ -algebra homomorphisms. Lemma 2.1.2. If F ‚ is a Γ-field, then F Γ is a field if and only if Γ is connected.
Proof. If Γ is disconnected, there are elements a ‚ of the inverse limit F Γ such that a ξ " 0 for all ξ P V \ E that lie on one connected component of Γ, but a ξ " 1 for all ξ on another component. Hence F Γ has zero-divisors and is not a field. Conversely, if F Γ is not a field, then there is a zero-divisor a ‚ . The set of vertices and edges ξ such that a ξ " 0 forms an open subset of Γ, since ι e v a v " a e " ι e w a w whenever v, w are the vertices of an edge e. This open subset is neither empty nor all of Γ, since a ‚ is a zero divisor. Hence Γ is disconnected.
Notation 2.1.3. We will say for short that F ‚ is a Γ{F -field if Γ is a connected graph, F is a field, and F ‚ is a Γ-field with F Γ " F .
Patching Problems
Given a Γ{F -field F ‚ , and a finite dimensional vector space V over F , we obtain an inverse system V F ξ " V b F F ξ of finite dimensional vector spaces over the fields F ξ (for ξ P V \ E). Conversely, given such an inverse system, we can ask whether it is induced by an F -vector space V . More precisely, let VectpF q be the category of finite dimensional F -vector spaces; define a vector space patching problem V ‚ over F ‚ to be an inverse system of finite dimensional F ξ -vector spaces; and let PPpF ‚ q be the category of vector space patching problems over F ‚ . There is then a base change functor VectpF q Ñ PPpF ‚ q. If it is an equivalence of categories, we say that patching holds for finite dimensional vector spaces over the Γ{F -field F ‚ .
We may consider analogous notions for other objects over F . In particular let A be a group scheme over F (which we always assume to be of finite type). Let TorspAq denote the category of A-torsors over F ; the objects in this category are classified by the elements in the Galois cohomology group H 1 pF, Aq. An object T in TorspAq induces an A-torsor patching problem T ‚ over F ‚ , i.e. an inverse system consisting of A F ξ -torsors T ξ for each ξ P V \ E, together with isomorphisms φ e v : pT v q Fe Ñ T e for v a vertex of an edge e. These patching problems form a category PPpF ‚ , Aq, whose morphisms correspond to collections of morphisms of torsors which commute with the maps φ e v . (Once we choose an orientation on the graph Γ, an A-torsor patching problem can also be viewed as collection of A-torsors T v for v P V, together with a choice of isomorphism pT lpeFe Ñ pT rpeFe for every edge e P E. This isomorphism corresponds to multiplication by an element of ApF e q if T e is trivial.) As before, we obtain a base change functor TorspAq Ñ PPpF ‚ , Aq; and we say that patching holds for A-torsors over the Γ{F -field F ‚ if this is an equivalence of categories. For short we say that patching holds for torsors over F ‚ if it holds for all linear algebraic groups A over F . (Our convention is that a linear algebraic group over F is a smooth closed subgroups A Ď GL n,F for some n.) 2.1.3. Local-global principles and simultaneous factorization Local-global principles are complementary to patching. Given a Γ{F -field F ‚ , and a group scheme A over F , we say that A-torsors over F satisfy a local-global principle over F ‚ if an Atorsor T is trivial if and only if each induced F v -torsor T v :" TˆF F v is trivial. In [HHK11a] , criteria were given for patching and for local-global principles in terms of factorization. Before recalling them, we introduce some terminology and notation.
If F ‚ is a Γ{F -field, and if Γ is given an orientation, then there are induced maps π l , π r : F pVq Ñ F pEq defined by pπ l paqq e " a lpeq and pπ r paqq e " a rpeq for a " pa v q vPV P F pVq. Similarly, if A is a group scheme over F , there are induced maps π l , π r :
ePE ApF e q given by the same expressions, for a " pa v q vPV P ś vPV ApF v q. We say that a group scheme A over F satisfies simultaneous factorization over a Γ{F -field F ‚ (or for short, is factorizable over F ‚ ) if the map of pointed sets π l¨π´1 r : ś vPV ApF v q Ñ ś ePE ApF e q, defined by a Þ Ñ π l paqπ r paq´1, is surjective. In other words, if we are given a collection of elements a e P ApF e q for all e P E, then there exist elements a v P ApF v q for all v P V such that a e " a lpeq a rpeq for all e, with respect to the inclusions F lpeq , F rpeq ãÑ F e . Note that this factorization condition does not depend on the choice of orientation, since if we reverse the orientation on an edge e then we may consider the element a 1 P ś ePE ApF e q such that a 1 e " a´1 e and where the other entries of a 1 are the same as for a.
2.1.4.
Relations between patching, local-global principles and factorization Theorem 2.1.4. Let Γ be a connected graph, F a field, and F ‚ a Γ{F -field. Then the following conditions are equivalent:
(i) GL n is factorizable over F ‚ for all n ě 1. 
3] it was shown that (ii) implies (iii). It remains to show that (iii) implies (i).
Fix an orientation for Γ and let g " pg e q ePE P GL n pF pEqq. We wish to show that there exists h P GL n pF pVqq such that g " π l phqπ r phq´1.
Consider the patching problem for GL n -torsors over F ‚ that is given by trivial torsors over F e for each e P E, and such that the transition function pT lpeFe Ñ pT rpeFe is given by g e P GL n pF e q, for each e P E. By hypothesis (iii), there is a GL n -torsor T over F that induces this patching problem. But T is trivial, since H 1 pF, GL n q " 0 by Hilbert's Theorem 90 ([KMRT98, Theorem 29.2]). The transition functions T Fv Ñ T v are given by elements h v P GL n pF v q. Since T induces the given patching problem, we have h lpeq " g e h rpeq for every e P E. Therefore g " π l phqπ r phq´1, with h " ph v q vPV P GL n pF pEqq, as desired.
Theorem 2.1.5. Let Γ be a connected graph, F a field, and F ‚ a Γ{F -field. Assume that patching holds for finite dimensional vector spaces over F ‚ . Then a linear algebraic group A over F is factorizable over F ‚ if and only if A-torsors over F satisfy a local-global principle over F ‚ .
Proof. This assertion is contained in the exactness of the sequence given in [HHK11a, Theorem 2.4]; i.e. π l¨π´1 r is surjective if and only if
Note that the hypothesis of Theorem 2.1.5 does not imply that the equivalent conditions in the conclusion of that theorem necessarily hold. (In particular, in Example 4.4 of [HHK09] there is a non-trivial obstruction to a local-global principle, by Corollaries 5.6 and 5.5 of [HHK11a] ). Thus patching need not imply factorization over F ‚ for all linear algebraic groups over F . But as shown in the next section (Corollary 2.2.6), patching does imply factorization for all linear algebraic groups if we are allowed to pass to the separable closure of F . This will be useful in obtaining local-global principles for higher cohomology.
Separable factorization
As asserted in Theorems 2.1.4 and 2.1.5, there are relationships between factorization conditions on the one hand, and patching and local-global properties on the other. Below, in Theorem 2.2.5 and Corollary 2.2.6, we prove related results of this type, concerning "separable factorization", which will be needed later in applying the results of Section 2. We also prove a result (Proposition 2.2.4) that will be used in obtaining our long exact sequence in Section 2.5, and hence our local-global principle there.
The Galois module A ξ
To obtain our results, we will want to relate the cohomologies H n pF, Aq and H n pF ξ , Aq for ξ a vertex or edge of Γ. One difficulty with this in general is the potential difference between the absolute Galois groups of F and F ξ . To bridge this gap, in Notation 2.2.1 we introduce a new Galois module A ξ whose cohomology H n pF, A ξ q is meant to approximate the cohomology H n pF ξ , Aq. Here and below, we write GalpF q for the absolute Galois group GalpF sep {F q.
Notation 2.2.1. Let A be an F -scheme, and let F ‚ be a Γ{F -field. For ξ a vertex or edge, we define A ξ to be the GalpF q-module given by A ξ " ApF ξ b F F sep q. We write ApVq " ś vPV A v and ApEq " ś ePE A e . Note that the Galois module A ξ is not the same as A F ξ , which is the F ξ -scheme AˆF F ξ obtained by base change from F to F ξ ; nor the same as ApF ξ q.
In the above situation we have morphisms of GalpF q-modules ApF sep q Ñ A v for each vertex v P V, and A v Ñ A e when v P V is a vertex of Γ on the edge e P E. These are induced by the inclusions
1 are field extensions of F , then the natural map ApLq Ñ ApL 1 q is an inclusion. (This is immediate if A is affine, and then follows in general.) In particular, given a Γ{F -field F ‚ as above, the maps ApF q Ñ ApF v q and ApF v q Ñ ApF e q are injective for v a vertex of an edge e in Γ.
Separable factorization
If we choose an orientation for the graph Γ, then as in Section 2.1.3 we may define maps π l , π r : ApVq Ñ ApEq by pπ l paqq e " a lpeq and pπ r paqq e " a rpeq .
Lemma 2.2.2. Consider an affine F -scheme A, a graph Γ with a choice of orientation, and
Proof. The hypothesis that F equals F Γ is equivalent to having an exact sequence of F -vector spaces 0 Ñ F Ñ F pVq Ñ F pEq, given by π l¨π´1 r on the right. Since F sep is a flat F -module, we have an exact sequence 0
This in turn tells us that in the category of rings,
Write A " SpecpRq. By the inverse limit property above, it follows that a homomorphism
the two projections. This gives an equalizer diagram
This lemma, and the notion of factorizability in the previous section, motivate the following definition.
Definition 2.2.3. Let F ‚ be a Γ{F -field, and suppose that A is a group scheme over F . We say that A is separably factorizable (over F ‚ ) if the pointed set map π l¨π´1 r : ApVq Ñ ApEq is surjective for some (hence every) orientation on Γ.
Proposition 2.2.4. Let F ‚ be a Γ{F -field, and let A be a group scheme over F . Choose any orientation on Γ, and take the associated maps π l , π r . Then A is separably factorizable if and only if
is an exact sequence of pointed GalpF q-sets (and in fact an exact sequence of Galois modules in the case that A is commutative).
Proof. Since the above maps preserve the Galois action and take distinguished elements to distinguished elements, and since the composition ApF sep q Ñ ApVq Ñ ApEq of the two maps sends every element of ApF sep q to the distinguished element of ApEq, the above sequence is a complex of pointed GalpF q-sets. In the commutative case, the maps are group homomorphisms, and so it is a complex of abelian groups, and hence of Galois modules.
By Lemma 2.2.2, ApF sep q is the kernel of π l¨π´1 r as a map of pointed sets. Thus the sequence is exact if and only if π l¨π´1 r : ApVq Ñ ApEq is surjective; i.e. if and only if A is separably factorizable. 
Patching and separable factorization
The following theorem and its corollary complement Theorems 2.1.4 and 2.1.5. Theorem 2.2.5. Let Γ be a connected graph, F a field, and F ‚ a Γ{F -field. Then the following conditions are equivalent:
(i) GL n is factorizable over F ‚ , for all n ě 1.
(ii) GL n is separably factorizable over F ‚ , for all n ě 1.
(iii) Every linear algebraic group over F is separably factorizable over F ‚ .
Proof. We begin by showing that (i) implies (iii). Fix an orientation for Γ. Let A be a linear algebraic group over F , and suppose we are given g P ApEq. We wish to show that there exists h P ApVq such that g " π l phqπ r phq´1.
Since E is finite, there is a finite separable field extension L{F such that g is the image of [BLR90] , Section 7.6); this is a linear algebraic group over F . We may then view 
1 is then as desired, proving that condition (iii) holds.
Condition (iii) trivially implies condition (ii). It remains to show that condition (ii) implies condition (i).
If condition (ii) holds, then Proposition 2.2.4 yields a short exact sequence of GalpF qmodules
This in turn yields an exact sequence of pointed sets in Galois cohomology that begins
But the last term vanishes by Hilbert's Theorem 90. The remaining short exact sequence is then equivalent to the condition that GL n is factorizable over F ‚ , i.e. condition (i).
Corollary 2.2.6. Let Γ be a connected graph, F a field, and F ‚ a Γ{F -field. Then patching holds for finite dimensional vector spaces over F ‚ if and only if every linear algebraic group over F is separably factorizable over F ‚ .
Proof. This is immediate from Theorem 2.1.4 and Theorem 2.2.5, which assert that these two conditions are each equivalent to GL n being factorizable over F ‚ for all n ě 1.
Globally dominated field extensions and cohomology
To carry out the strategy outlined at the beginning of Section 2.2.1, we will need to relate Galois cohomology groups of the field F to Galois cohomology groups of the fields F ξ . For this, we will introduce and study the notion of "global domination."
The condition that a Galois module has globally dominated cohomology provides an important ingredient in demonstrating the existence of Mayer-Vietoris type sequences and local-global principles for its Galois cohomology groups. These applications are developed in Section 2.5. Lemma 2.3.2. Let L{F be a field extension, and let A be a commutative group scheme defined over F . Then we may identify:
Proof. We may identify the group H n pGalpF q, ApL b F sep q) as a limit of groups H n pGalpE{F q, ApL b Eqq, and the group H n pGal gd pLq, ApL gdas a limit of groups
where both limits are taken over finite Galois extensions E{F , and where LE is a compositum of L and E. Therefore the result will follow from a (compatible) set of isomorphisms
Write LbE " ś m i"1 E i for finite Galois field extensions E i {L. We can also choose LE " E 1 . We have ApL b Eq " ś i ApE i q. Let G " GalpE{F q and let G 1 be the stabilizer of E 1 (as a set) with respect to the action of G on L b F E. Then we may identify the G-modules ApL b Eq and Ind
ApE 1 q. We therefore have 
Globally dominated cohomology
It remains to compare the cohomology with respect to the maximal globally dominated extension and the full Galois cohomology. For this we make the following Definition 2.3.3. Let A be a commutative group scheme over F and L{F a field extension. We say that the cohomology of A over L is globally dominated (with respect to F ) if H n pL gd , Aq " 0 for every n ą 0.
Proposition 2.3.4. Let A be a commutative group scheme over F and L{F a field extension. Suppose that the cohomology of A over L is globally dominated. Then we have isomorphisms:
Proof. The identification of the first and second groups was given in Lemma 2.3.2, and it remains to prove the isomorphism between the second and third groups. By the global domination hypothesis, H n pGalpL gd q, ApL sep" H n pL gd , Aq " 0 for all n ą 0. Hence from the Hochschild-Serre spectral sequence
, the desired isomorphism follows.
The notion of globally dominated cohomology can also be described just in terms of finite extensions of fields. First we prove a lemma.
Lemma 2.3.5. Suppose that a field E 0 is a filtered direct limit of subfields E i , each of which is an extension of a field E. Let A be a commutative group scheme over E, and let α P H n pE, Aq for some n ě 0. If the induced element α E 0 P H n pE 0 , Aq is trivial, then there is some i such that α E i P H n pE i , Aq is trivial.
Proof. Since α E 0 P H n pE 0 , Aq is trivial, we may find some finite Galois extension L{E 0 such that α E 0 may be written as a cocycle in Z n pL{E 0 , ApLqq and such that it is the coboundary of a cochain in C n´1 pL{E 0 , ApLqq. Now the Galois extension L{E 0 is generated by finitely many elements of L, and the splitting cochain is defined by an additional collection of elements in ApLq, each of which is defined over some finitely generated extension of E (since A is of finite type over E). So we may find finitely many elements a 1 , . . . , a r P E 0 such that α Epa 1 ,...,arq " 0. But since E 0 is the filtered direct limit of the fields E i , there is an i such that a 1 , . . . , a r P E i ; and then α E i " 0 as desired. Proposition 2.3.6. Let A be a commutative group scheme over F and L{F a field extension. Then the cohomology of A over L is globally dominated if and only if for every finite globally dominated field extension L 1 {L, every n ą 0, and every α P H n pL 1 , Aq, there exists a finite globally dominated extension E{L 1 such that α E " 0.
Proof. First suppose that the cohomology of A over L is globally dominated, and let α P H n pL 1 , Aq for some finite globally dominated field extension L 1 {L and some n ą 0. Then α L gd " 0 by hypothesis; and so by Lemma 2.3.5 there is some finite globally dominated extension E{L 1 such that α E " 0, as desired. Conversely, suppose that the above condition on every α P H n pL 1 , Aq holds. Let α P H n pL gd , Aq. Then α is in the image of some element r α P H n pL 1 , Aq for some finite extension
Criteria for global domination
In the case of cyclic groups, the condition for cohomology to be globally dominated will be made more explicit here, using the (now proven) Bloch-Kato conjecture to reduce to consideration of just the first cohomology group. Specifically, we will rely on the following assertion, which is a consequence of Bloch-Kato, and which is well-known to the experts.
Proposition 2.4.1. Let F be a field and let m be a positive integer not divisible by charpF q. Then for every n ě 1, every element of H n pF, Z{mZpnqq is a sum of n-fold cup products of elements of H 1 pF, Z{mZp1qq.
Proof. For a fixed m, consider the norm residue homomorphism of graded rings K M pF q Ñ H˚pF, Z{mZp˚qq from Milnor K-theory to Galois cohomology, with n-th graded piece h n,m : K M n pF q Ñ H n pF, Z{mZpnqq for n ě 1. Since every element in K M n pF q is by definition a sum of n-fold products of elements of K M 1 pF q, the proposition follows from the assertion that the maps h n,m are surjective, with kernel mK M n pF q. In the case that m is prime, this was shown in the proof of the Bloch-Kato conjecture (i.e. the norm residue isomorphism theorem) in [Voe11] and [Wei09] . This in turn implies the case of general m by induction on n, via a reduction result of Tate (see [GS06] , Proposition 7.5.9).
Global domination for cyclic groups
Proposition 2.4.2. Let L{F be a field extension, and m an integer not divisible by the characteristic of F . Then the following are equivalent: 
Global domination for commutative group schemes
Using the above result, the question of global domination for the cohomology of a finite commutative group scheme A can be reduced to the case of cyclic groups of prime order. We restrict to the case that the characteristic of F does not divide the order of A (equivalently, A F sep is a finite constant group scheme of order not divisible by charpF q).
Corollary 2.4.3. Let L{F be a field extension, and S a collection of prime numbers unequal to charpF q. Suppose that the cohomology of the finite constant group scheme Z{ℓZ over L is globally dominated for each ℓ P S. Then for every finite commutative group scheme A over F of order divisible only by primes in S, the cohomology of A over L is globally dominated.
Proof. We wish to show that H n pL gd , Aq " 0 for n ą 0. Since A is a finite étale group scheme defined over F , it becomes split (i.e. a finite constant groups scheme) over F sep and hence over L gd " LF sep . In particular, the base change of A to L gd is a product of copies of cyclic groups Z{mZ, where each prime dividing m lies in S. Since cohomology commutes with taking products of coefficient groups, we are reduced to the case that A -Z{mZ for m as above. The result now follows from condition (iii) of Proposition 2.4.2, since a group is m-divisible if it is ℓ-divisible for each prime factor ℓ of m.
In characteristic zero, we also obtain a result in the case of group schemes that need not be finite. First we prove a lemma. If A is a group scheme over a field E and m ě 1, let Arms denote the m-torsion subgroup of A, i.e. the kernel of the map A Ñ A given by multiplication by m. Thus there is a natural map H n pE, Armsq Ñ H n pE, Aq.
Lemma 2.4.4. Let A be a group scheme over a field E of characteristic zero, and let n ě 1. Then every element of H n pE, Aq is in the image of H n pE, Armsq Ñ H n pE, Aq for some m ě 1.
Proof. The group H
n pE, Aq is torsion by [Ser97, I.2.2 Cor. 3], and so for every α P H n pE, Aq there exists m ě 1 such that mα " 0 (writing A additively). Since charpEq " 0, there is a short exact sequence 0 Ñ Arms Ñ A Ñ A Ñ 0 of étale sheaves which yields an 13 exact sequence H n pE, Armsq Ñ H n pE, Aq Ñ H n pE, Aq of groups, where the latter map is multiplication by m. Thus α is sent to zero under this map, and hence it lies in the image of H n pE, Armsq.
Proposition 2.4.5. Assume that charpF q " 0, and let L{F be a field extension. Suppose that the cohomology of the finite constant group scheme Z{ℓZ over L is globally dominated for every prime ℓ. Then for every smooth commutative group scheme A over F , the cohomology of A over L is globally dominated.
Proof. Let α P H n pL gd , Aq, for some n ą 0. We wish to show that α " 0. By Lemma 2.4.4, α lies in the image of H n pL gd , Armsq for some m ě 1. But Corollary 2.4.3 asserts that the cohomology of the finite commutative group scheme Arms over L is globally dominated, since charpF q " 0; i.e. H n pL gd , Armsq " 0. So α " 0.
Mayer-Vietoris and local-global principles
We now use the previous results to obtain our long exact sequence, which in particular gives the abstract form of our Mayer-Vietoris sequence, and we then prove the abstract form of a local-global principle for Galois cohomology.
Theorem 2.5.1. Given an oriented graph Γ, fix a Γ{F -field F ‚ and consider a separably factorizable smooth commutative group scheme A over F . Suppose that for every ξ P V \ E, the cohomology of A over F ξ is globally dominated. Then we have a long exact sequence of Galois cohomology:
roof. By hypothesis, the cohomology of A over F ξ is globally dominated. By Proposition 2.3.4, with L " F ξ , we may identify H n pF, A ξ q -H n pF ξ , Aq. Since A is separably factorizable, by Proposition 2.2.4 we have a short exact sequence of GalpF q-modules
This induces a long exact sequence in Galois cohomology over F . Applying the above identification to the terms of this sequence, we obtain the exact sequence asserted in the theorem.
Corollary 2.5.2. Given a separably factorizable smooth commutative group scheme A over F and a Γ{F -field F ‚ , the long exact sequence in Theorem 2.5.1 holds in each of the following cases:
(i) A is finite; and for every ξ P V \ E, and every prime ℓ dividing the order of A, the cohomology of Z{ℓZ over F ξ is globally dominated. (ii) F is a field of characteristic zero; and for every ξ P V \ E, and every prime number ℓ, the cohomology of Z{ℓZ over F ξ is globally dominated.
Proof. By Theorem 2.5.1 it suffices to show that the cohomology of A over F ξ is globally dominated. In these two cases, this condition is satisfied by Corollary 2.4.3 and Proposition 2.4.5 respectively.
An important case is that of a graph Γ that is bipartite, i.e. for which there is a partition V " V 0 \ V 1 such that for every edge e P E, one vertex is in V 0 and the other is in V 1 . Given a bipartite graph Γ together with such a partition, we will choose the orientation on Γ given by taking lpeq and rpeq to be the vertices of e P E lying in V 0 and V 1 respectively.
Corollary 2.5.3 (Abstract Mayer-Vietoris). In the situation of Theorem 2.5.1, assume that the graph Γ is bipartite, with respect to a partition V " V 0 \ V 1 of the set of vertices. Then the long exact cohomology sequence in Theorem 2.5.1 becomes the Mayer-Vietoris sequence
here the maps ∆ and´are induced by the diagonal inclusion and by subtraction, respectively. (i) Γ is bipartite, with respect to a partition V " V 0 \ V 1 of the set of vertices; (ii) for every ξ P V \ E, the cohomology of Z{mZ over F ξ is globally dominated; (iii) given v P V 0 , and elements a e P Fê for all e P E that are incident to v, there exists a P Fv such that a{a e P pFê q m for all e (where we identify F v with its image i e v pF v q Ď F e ). Then for all n ą 0, the natural local-global maps
Proof. Given hypothesis (i), as above we choose the orientation on Γ such that lpeq P V 0 and rpeq P V 1 for all e P E. Consider the homomorphisms: 
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Using hypothesis (ii), Theorem 2.5.1 allows us to identify the kernel of σ n with the cokernel of ρ n,n :
Thus it suffices to show that ρ n,n is surjective for n ě 1. This in turn will follow from showing that ρ n,n 0 is surjective, since the image of ρ n,n 0 is contained in that of ρ n,n (using that Γ is bipartite, and setting α v " 0 for all v P V 1 ).
Note that ρ is surjective as well for all n ě 1.
Curves over complete discrete valuation rings
We now apply the previous general results to the more specific situation that we study in this paper: function fields F over a complete discretely valued field K. In Section 3.1 we will obtain a Mayer-Vietoris sequence and a local-global principle in the context of finitely many overfields F ξ of F ("patches"). This can be compared with Theorem 3.5 of [HHK11a] . We will afterwards use that to obtain local-global principles with respect to the points on the closed fiber of a model (in Section 3.2), and with respect to the discrete valuations on F or on a regular model of F (in Section 3.3). These will later be used in Section 4 to obtain applications to other algebraic structures.
Notation
We begin by fixing the standing notation for this section, which follows that of [HH10] , [HHK09] , and [HHK11a] . Let T be a complete discrete valuation ring with fraction field K and residue field k and uniformizer t, and let p X be a projective, integral and normal T -curve. Let F be the function field of p X. We let X be the closed fiber of p X, and we choose a non-empty collection of closed points P Ă X, containing all the points at which distinct irreducible components of X meet. Thus the open complement X P is a disjoint union of finitely many irreducible affine k-curves U. Let U denote the collection of these open sets U.
For a point P P P, we let R P be the local ring O p X,P at P , and we let p R P be the completion at its maximal ideal. Let F P be the fraction field of p R P . For a component U P U, we let R U be the subring of F consisting of rational functions on p X that are regular at the points of U, i.e.
R U " tf P F |f P O p X,Q for all Q P Uu. We also let p R U be the t-adic completion of R U , and we let F U be the field of fractions of p R U . Here p R P and p R U are Noetherian integrally closed domains (because p X is normal), and in particular Krull domains.
For a point P P P and a component U P U, we say that P and U are incident if P is contained in the closure of U. Given P P P and U P U that are incident, the prime ideal sheaf I defining the reduced closure U red of U in p X induces a (not necessarily prime) ideal I P in the complete local ring p R P . We call the height one prime ideals of p R P containing I P the branches on U at P . We let B denote the collection of branches on all points in P and all components in U. For a branch ℘ on P P P and U P U, the local ring of p R P at ℘ is a discrete valuation ring R ℘ . Let p R ℘ be its ℘-adic (or equivalently t-adic) completion, and let F ℘ be the field of fractions of p R ℘ . Note that this is a complete discretely valued field containing F U and F P (see [HH10] , Section 6, and [HHK09] , page 241).
Associated to the curve p X and our choice of points P, we define a reduction graph Γ " Γ p X,P whose vertex set is the disjoint union of the sets P and U and whose edge set is the set B of branches. The incidence relation on this (multi-)graph, which makes it bipartite, is defined by saying that an edge corresponding to a branch ℘ P B is incident to the vertices P P P and U P U if ℘ is a branch on U at P . We choose the orientation on Γ that is associated to the partition P \ U of the vertex set. We will consider the Γ-field
Mayer-Vietoris and local-global principles with respect to patches
Using the results of Section 2.5, we now obtain the desired Mayer-Vietoris sequence for the Γ-field F ‚ that is associated as above to the function field F and a choice of points P on the closed fiber of a normal model p X (see Theorem 3.1.3). In certain cases we show that this sequence splits into short exact sequences, possibly starting with the H 2 term (Corollaries 3.1.6 and 3.1.7). Related to this, we obtain a local-global principle for H n pF, Z{mZpn´1qq, in this patching context. Theorem 3.1.1. With F and F ‚ as above, F ‚ is a Γ{F -field, and patching holds for finite dimensional vector spaces over F ‚ . Thus every linear algebraic group over F is separably factorizable over F ‚ .
Proof. According to [HHK11a, Corollary 3 .4], the fields F ξ for ξ P P \ U \ B form a factorization inverse system with inverse limit F . That is, F ‚ is a Γ{F -field. That result also asserts that patching holds for finite dimensional vector spaces over F ‚ . The assertion about being separably factorizable then follows from Corollary 2.2.6.
Global domination and Mayer-Vietoris
The following result relies on a form of the Weierstrass Preparation Theorem that was proven in [HHK11b] , and which extended related results in [HH10] and [HHK09] . Another result that is similarly related to Weierstrass Preparation appears at Lemma 3.1.4 below. 
for some finite separable extension Theorem 3.1.3 (Mayer-Vietoris for Curves). Let A be a commutative linear algebraic group over F . Assume that either (i) A is finite of order not divisible by the characteristic of k; or (ii) charpkq " 0.
Then we have a long exact Mayer-Vietoris sequence:
roof. Let Γ be the bipartite graph Γ p X,P as above. By Theorem 3.1.1, A is separably factorizable over F ‚ . Now for each prime ℓ unequal to the characteristic of k, and each ξ P U \ P \ B, the cohomology of Z{ℓZ over F ξ is globally dominated, by Theorem 3.1.2. The conclusion now follows from Corollaries 2.5.2 and 2.5.3.
Local-global principles with respect to patches
Lemma 3.1.4. Let m be a positive integer that is not divisible by charpKq. Let P be a closed point of X, let ℘ 1 , . . . , ℘ s be the branches of X at P , and let a i P F℘ i . Then there exists a P FP such that a{a i P pF℘ i q m for every i.
Proof. As before, let t be a uniformizer of the valuation ring T of K. After multiplying the elements a i by t N m for some sufficiently large positive integer N, we may assume that a i lies in p R ℘ i , the complete local ring of p R P at ℘ i , for all i. By the assumption on the characteristic, m is non-zero in p R P ; let r i ě 0 be its ℘ i -adic valuation. Since the localization p p R P q ℘ i is ℘ i -adically dense in its completion p R ℘ i , there exists a Theorem 3.1.5 (Local-Global Principle). Let p X be a normal projective curve over a complete discrete valuation ring T with residue field k, let P be a non-empty finite subset of the closed fiber X that includes the points at which distinct irreducible components of X meet, and let U be the set of components of X P. Suppose that m is an integer not divisible by the characteristic of k. Then for each integer n ą 1, the natural map
Proof. The graph Γ p X,P is bipartite, with the set of vertices V partitioned as V 0 \V 1 with V 0 " P and V 1 " U. So hypothesis (i) of Theorem 2.5.4 holds. Hypothesis (ii) of that theorem, concerning global domination, also holds, by Theorem 3.1.2. Finally, hypothesis (iii), in this case concerning the lifting of elements of the F℘ i 's to an element of FP modulo m-th powers, holds by Lemma 3.1.4. Thus Theorem 2.5.4 applies, and the conclusion follows.
In some cases we can allow arbitrary Tate twists, and as a result the Mayer-Vietoris sequence splits into shorter exact sequences:
Corollary 3.1.6. Let m be an integer not divisible by the characteristic of k, and suppose that the degree rF pµ m q : F s is prime to m (e.g. if m is prime or F contains a primitive m-th root of unity). Let r be any integer. Then the Mayer-Vietoris sequence in Theorem 3.1.3 for A " Z{mZprq splits into exact sequences
for all n ą 1.
Proof. If F contains a primitive m-th root of unity, then A " Z{mZ " Z{mZpn´1q over F and its extension fields, for all n. Hence in the Mayer-Vietoris sequence in Theorem 3.1.3(i), the maps ι F : H n pF, Aq Ñ ś P PP H n pF P , Aqˆś U PU H n pF U , Aq are injective for all n ą 1, by Theorem 3.1.5. The result now follows in this case.
More generally, let F 1 " F pµ m q and similarly for F P and F U . As above, ι F 1 is injective. Using the naturality of ι F with respect to F , we have kerpι F q Ď kerpι F 1˝res F 1 {F q. Further, by the injectivity of ι F 1 , kerpι F 1˝res F 1 {F q " kerpres F 1 {F q Ď kerpcor F 1 {F˝r es F 1 {F q. But cor˝res : H n pF, Aq Ñ H n pF, Aq is multiplication by rF 1 : F s ( [GS06] , Proposition 3.3.7), which is injective since |A| " m and rF 1 : F s is prime to m. Thus these kernels are all trivial, and again the result follows.
In Corollary 3.1.6, the initial six terms need not split into two three-term short exact sequences; i.e. the map on H 1 pF, Aq need not be injective. In fact, for A " Z{mZ with m ą 1, a necessary and sufficient condition for splitting is that the reduction graph Γ is a tree ( [HHK11a] , Corollaries 5.6 and 6.4). But in the next result, there is splitting at every level.
Corollary 3.1.7. Suppose that charpkq " 0 and that K contains a primitive m-th root of unity for all m ě 1. Then the Mayer-Vietoris sequence in Theorem 3.1.3(ii) for G m splits into exact sequences
for all n ě 0.
Proof. By Theorem 3.1.3(ii), it suffices to prove the injectivity of the maps H n pF, G m q Ñ ś P PP H n pF P , G m qˆś U PU H n pF U , G m q for all n ě 1. The case n " 1 follows from the vanishing of H 1 pF, G m q by Hilbert's Theorem 90. It remains to show injectivity for n ą 1. Since K contains all roots of unity, for each m we may identify the Galois module G m rms " µ m with Z{mZ and Z{mZpn´1q.
By Theorem 3.1.3(ii), the desired injectivity will follow from the surjectivity of the map ź
So let α P ś ℘PB H n´1 pF ℘ , G m q, and write α " pα ℘ q ℘PB , with α ℘ P H n´1 pF ℘ , G m q. For each ℘ P B, the element α ℘ is the image of some r α ℘ P H n´1 pF ℘ , µ m℘ q for some m ℘ ě 1, by Lemma 2.4.4. Since B is finite, we may let m be the least common multiple of the integers m ℘ . Thus α is the image of r α " pr α ℘ q P ś ℘PB H n´1 pF ℘ , µ m q. By Theorem 3.1.5 and Theorem 3.1.3(i), the map ź
is surjective. So by the identification µ m " Z{mZpn´1q, it follows that r α is the image of some element r β P ś
commutes, β maps to α, as desired.
Note that Corollaries 3.1.6 and 3.1.7 also provide patching results for cohomology, in addition to local-global principles. Namely, for n ‰ 1 in Corollary 3.1.6, or any n in Corollary 3.1.7, those assertions show the following. Given a collection of elements α ξ P H n pF ξ , Aq for all ξ P P \ U such that α P , α U induce the same element of H n pF ℘ , Aq whenever ℘ is a branch on U at P , there exists a unique α P H n pF, Aq that induces all the α ξ . In the situation of Theorem 3.1.3, where splitting is not asserted, a weaker patching statement still follows: given elements α ξ as above, there exists such an α, but it is not necessarily unique.
Local-global principles with respect to points
In this section we will investigate how to translate our results into local-global principles in terms of the points on the closed fiber X of p X, rather than in terms of patches. Extending our earlier notation, if P P X is any point (not necessarily closed), we let F P denote the fraction field of the complete local ring p R P :" p O p X,P . In particular, if η is the generic point of an irreducible component X 0 of the closed fiber X, then F η is a complete discretely valued field, and it is the same as the η-adic completion of F .
The field F h η
In order to bridge the gap between the fields F U and the fields F η , where η is the generic point of U, we will consider a subfield F h η of F η that has many of the same properties but is much smaller. Namely, with notation as above, let R Proof. Each F V is contained in F h η , and every element of F h η is of the form a{b with a, b in some common F V . So F h η is the direct limit of the fields F V . The fields F V each have a discrete valuation with respect to η, and these are compatible. So F h η is a discretely valued field with respect to the η-adic valuation. We wish to show that the valuation ring of F h η is R h η , with residue field kpUq. Since p R V is contained in the η-adic valuation ring of F V , it follows that R h η is contained in the valuation ring of F h η . To verify the reverse containment, consider a non-zero element α P F h η with non-negative η-adic valuation. Thus α P FV for some V ; and so α " a{b with a, b P p R V non-zero and v η paq ě v η pbq. Since p R V is a Krull domain, the element b P p R V has a well defined divisor, which is a finite linear combination of prime divisors; and other than the irreducible closed fiber V of Specp p R V q, each of them has a locus that meets this closed fiber at only finitely many points. After shrinking V by deleting these points, we may assume that b is invertible in p R V rt´1s. But also v η pa{bq ě 0; and thus b P p RV . So the element α " a{b P F V actually lies in p R V , and hence in R 
Local-global principles with respect to points
We now obtain a local-global principle in terms of points on the closed fiber X.
Theorem 3.2.3. Let A be a commutative linear algebraic group over F and let n ą 1. Assume that either (i) A " Z{mZprq, where m is an integer not divisible by charpkq, and where either r " n´1 or else rF pµ m q : F s is prime to m; or (ii) A " G m , charpkq " 0, and K contains a primitive m-th root of unity for all m ě 1. Then the natural map H n pF, Aq Ñ ź P PX H n pF P , Aq is injective, where P ranges through all the points of the closed fiber.
Proof. Let α P H n pF, Aq be an element of the above kernel. Consider the irreducible components X i of X, and their generic points η i P X i Ď X. Thus α Fη i " 0 for each i (taking P " η i ). By Proposition 3.2.2, we may choose a non-empty Zariski affine open subset U i Ă X i , not meeting any other component of X, such that α F U i is trivial. Let U be the collection of these sets U i , and let P be the complement in X of the union of the sets U i . Then α is in the kernel of the map on H n pF, Aq in Theorem 3.1.5, Corollary 3.1.6, or Corollary 3.1.7 respectively. Since that map is injective, it follows that α " 0.
Local-global principles with respect to discrete valuations
Using the previous results, we now investigate how to translate our results into local-global principles involving discrete valuations on our field F , and in particular those valuations arising from codimension one points on model p X. Our main result here is Theorem 3.3.6, which parallels Theorem 3.2.3(i), and asserts the vanishing of the obstruction X n pF, Aq to such a local-global principle, for n ą 1 and A an appropriate twist of Z{mZ.
In the case n " 1, a related result appeared at [HHK11a, Corollary 8.11], but with different hypotheses and for different groups. In fact, for a constant finite group A, the obstruction X 1 pF, Aq is non-trivial unless the reduction graph Γ of a regular model p X of F is a tree (see [HHK11a] , Proposition 8.4 and Corollary 6.5).
For the remainder of this section we make the standing assumption that p X is regular.
Lemma 3.3.1. Let P be a point of X and let v be a discrete valuation on F P . Then the restriction v 0 of v to F is a discrete valuation on F . Moreover if v is induced by a codimension one point of Specp p R P q (or equivalently, a height one prime of p R P ), then v 0 is induced by a codimension one point of p X whose closure contains P . The result follows by a diagram chase, using the fact that the right-hand vertical map in the first diagram is injective by Theorem 3.2.3(i), and that the corresponding map in the
